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should be satisfied. Then the differential equation for the
observer will be given by o

$(t) =TFAp(t) + TFBz(t) + TLu(t) 8)
and the state estimates are generated by
X(t)=Ay(t) +Bz(?) ®)

The observer error has exponential convergence rate? and is a
function of the choice of B. It can be shown that if the system
is completely observable, the matrix B can be chosen to pro-
duce any desired response by selecting the eigenvalues prop-
erly. It is known (see Refs. 2 and 3) that A and T are not
unique in the time-invariant actuation and that the admissible
pair (A4, T) defines an equivalent class in the class of observers
with exponential error convergence rates. It should be noted
that there is no rule that directs one in selecting the desired
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Fig. 1 Observer estimate of perturbation in velocity.
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Fig. 2 Observer estimate of induced leakage.
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eigenvalue. One should consider the specific problem at hand
and make a choice based on engineering intuition and prac- -
tical considerations.

ITII. Simulation and Results

The main objective of the simulations in the present study
was to assess the applicability of observers for state and
parameter estimation of hydromechanical servoactuation
systems. The results are very promising. The system con-
sidered was generic, and its observability, especially for the
reduced-order observer situation, proves to be practicably
significant.

The velocity and acceleration of the actuator piston rod was
estimated herein, as well as leakage across the piston.
However, various other parameters, such as spool position of
the servovalve, the load pressure, etc., can be estimated in a
similar manner. The results are plotted in Figs. 1 and 2. A
small leakage was introduced through a small opening on the
piston seal, at time =.05 s. The resulting leakage is seen in
Fig. 2 and the perturbation in velocity in Fig. 1.

Even though it is theoretically possible to estimate exactly
the abovementioned parameters, practical considerations vis-
a-vis the selection of eigenvalues for observer performance
result in a slight estimation error.

IV. Conclusions

Reduced-order observer theory has been successfully ap-
plied to hydromechanical servoactuators. States and a
parameter of the actuator have been estimated with minimal
estimation error. This could lead to significant developments
in fluid power control in that it opens the door to backup pro-
visions, as well as to performance enhancement and failure
detection of actuation systems. The measurement system
chosen was realistic, and thus successful practical implementa-
tion of such a scheme seems almost certain.’
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Introduction

E propose a method to solve for the Riccati matrix,
which is effective even when the solution of the Riccati
equation becomes unbounded at a finite number of points.

Received June 14, 1985; revision received Sept. 24, 1985. Copyright
© American Institute of Aeronautics and Astronautics, Inc., 1985.
All rights reserved.

*Assistant Professor, Department of Electrical and Computer
Engineering.



252 J. GUIDANCE

Any integration scheme of the Riccati equation would stop at
the singularities.

Consider the matrix Riccati equation
—P(t) =P('t)A (O +AT(DHP()—-P(OBOP)Y+C@) (1)
on the time interval [¢;, t;] with either the initial condition

PU)=P, @

. or the terminal condition

) P(t;)=P; 3)
It is well known! that : N
[x} [A(t) —B(1) j| lix}
= . ()
¥ —C(2) —AT(1) ¥ «
with either
o)™ Lo
= (4b)
V(L) L Poxo
or
)
V() Ppxs |-
gives rise to the relation -
V(D =P(1) x(1) ©)

The aim is to find P(¢) numerically from Eq. (4). All of the
analysis applies also to the Lyapunov equation by setting
B(t)=0.

Method of Solution

Let
x(t) A(t) —B(t)
Y(t)y= s D()y= ©6)
V(1) =C(1) —AT (1)
Then Eq. (4a) becomes
Y(£)=D(1)Y(2) )]

with the associated initial or boundary condition.

We subdivide [#,#/] into N equal intervals of length Ar. Let
t;=ty,;;At and ¢, =1;+ At/2. We discretize Eq. (6) by the
scheme

. & AR
V(1) = 1 D (i) - Y1) ®
k=0 :
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Fig. 1 Elements of matrix P.vs ¢ for Example 1.
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where K will be chosen to be 2 for time-varying systems. The
reason for this is contained in Eq. (11) of the following lem-
ma. This, of course, would make the method extremely fast.

Lemma: Assume that D(?) is twice continuously differen-
tiable in . Let Y (¢;,,) be given by Eq. (8) and Y (¢, ,) be the
true value at ¢, with Y(¢#,)=Y(¢;). Then

WY (L, )= Y, DI =0(A8) | ©)

Proof: We have, by Taylor’s series,

: £2
Y(t,,)=Y(t)+ Y()Aat+ V(1) ‘;—t+ o(Ad)

1
=Y(5;) +D(8;) Y(£;)At+ (D(1;) Y (¢;)
. ' AP
+D(5,)Y(5;)) T+O(At3)
=Y(t) + ('D(t,-),+b(t,~) %) Y(t,)At

2
+D(1) Y (1)) g—t'O(Aﬁ)

Since

. At
D(t;,4)=D(4;) +D(t)) 7+0(A12)
we get .

N 2 :
Y(t)= Y(5) 4Dty )Y (1)A¢ +D20) Y1) o+ O(47)

(10)
Fror_n Eq. (8),
Y(t,,)=Y(t;) +D(t;, ) Y(8;) At
AP
+D2(t.~+n/z)Y(t,-)7+O(At3) an
From Egs. (10) and (11), we have
MY (t;,) = Yt = UD?(t;) — D? (4, )1
5 A
Ny ()l Az—f+0(AtS) 12)

Since ND?(¢;) — D?(¢;,,)1 = O(At), the proof of the lemma is
complete. ’
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Fig. 2 Elements of matrix P vs ¢ for Example 2.



MARCH-APRIL 1986

Note that, for time-invariant systems, Eq. (8) is exact except
for the truncation error, which is of order O(AtX+1).
We now find the recursive relation for P(#). Let

K;

Atk
G;= E DX (tiy )
k=0

k! 13

From Eq. (8), we have

x| [GF 6P ] [ x(t) ]
= (14)
|: V(i) ] I:Grzl G? V()
It follows from Egs. (14) and (5) that

P(t;,)=[G* + GRP(1)]IG! + GP*P(¢;)] ! (15)
or '

P(t)) = —[GP2 - P(1;,,)G1'[G} - P(t,, )G!'] (16)

Equations (15) and (16) are suitable for initial and terminal
conditions (2) and (3), respectively. Equation (15) is to be used
with Kalman filtering and Eq. (16) with quadratic regulation.
Note that, because of the structure of Eqs. (15) and (16), P(¢)
will be computed on all of [#,, #;] irrespective of the presence
of singularities in the solution. This is because P(?) may
assume large computed values near the singularities but will
not exceed the floating point limit of the computer.

In order to control the size of G; given by Eq. (13), we could
normalize G; such that its maximal element is one without af-
fecting relations (15) and (16).

Examples

All the computations for the examples were performed on a
VAX 11/730 in double precision with A¢=0.01.

Example 1. With

0 v 0 0
A= B=
-1 V2/5 0 et-1

: 0 0
b o] o

0 — V4 — Yasin2t
and
1 3
PO)= ' (18)
3 2

the solution is computed using (15) and shown in Fig. 1. The
result is identical to Fig. 12 of Ref. 2.

Example 2. Consider an example from Ref. 2 with a
singular solution. In this case,

%) -1 0
A= 1 l/z — Vacos2t
 —ssin2t -1 0
1 2 ) 1
. B=—-|2 4 2
1 2 1+ V2sin2¢
—e~12 0 0
c=| o —e 2 0

0 0 -1 (19)
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with initial condition P(0)= —0.4 I. The results are shown in
Fig. 2. Note that this figure is very similar to Fig. 13 of Ref. 2,

‘where nonlinear superposition formulas are used to solve the

matrix Riccati equations. In this case we have a singularity at
t=0.66.

These two examples have time-varying elements. The pro-
cedure for time-invariant systems is similar and much more ac-
curacy can be expected in the steady-state solution for this case
by making K larger in Eq.(8).
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Nomenclature

A =reference area

C, ~ =total roll moment coefficient, &/ V2pV2Ad

‘C[M ,C,  =roll damping derivatives in the clockwise direc-
tion, 8C,/d(p,d/2V), and counterclockwise
direction, aC,/d(p_d/2V), respectively

Ct’pV =variation of roll deceleration due to velocity
change

Cy, = total roll driving moment coefficient

G, =roll moment coefficient due to fin cant

C"ov’q’ovz =variations of roll driving moment due to linear
. and squared velocity changes, respectively

C, 2 =induced roll moment derivative

=reference diameter

=axial moment of inertia

=number of fins

=missile spin rate

=dynamic pressure, p V2/2

=total missile velocity

=reference velocity .

=missile total angle of attack, sin ! [v/v? + w?/V]

=fin cant angle

=sina& .

=aerodynamic roll angle, tan~![v/w]

=roll angle

‘=air density
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